ABSTRACT. In this paper we show that there are Toeplitz operators on the Bergman space with bounded harmonic symbols having disconnected spectrum and essential spectrum.
INTRODUCTION
Let dA denote the Lebesgue area measure on the unit disk D, normalized so that the measure of D equals 1. The Bergman space L 2 a is the Hilbert space consisting of the analytic functions on ∂D that are also in L 2 (D, dA). For u ∈ L ∞ (D, dA) where dA is the normalized area measure on D, the Toeplitz operator T u with symbol u is the operator on L 2 a defined by T u f = P (uf ); here P is the orthogonal projection from L 2 On the Hardy space, by means of an elegant and ingenious argument, Widom showed that the spectrum of a bounded Toeplitz operator is always connected in [10] and Douglas showed that the essential spectrum of a bounded Toeplitz operator is also connected [3] . On the Bergman space, in [6] McDonald and the first author showed that the essential spectrum of T ϕ is connected for ϕ a harmonic function on D if ϕ is either real-valued or piecewise continuous on the boundary of the unit disk. They asked the problem whether the essential spectrum of a Toeplitz operator on the Bergman space with bounded harmonic symbol is connected [6] . It was stated in the recent edition of Zhu's book [11] that the problem remains still open. In this paper we will show an example that the spectrum and the essential spectrum of a Toeplitz operator with bounded harmonic symbol is disconnected.
SPECTRUM
Before we construct an example of a Toeplitz operator with bounded harmonic symbol that has disconnected spectrum, we need the following simple but useful lemma.
Proof. Note that {e n } is an orthonormal basis of the Bergman space. To prove this lemma, we need only verify (2.1) for each f (z) = e n . (1.1) gives
On the other hand, an easy calculation gives
Thus we have 1
to obtain
This completes the proof of the lemma. Proof. For simplicity, we will construct the function
Now define
Since r > 1/ Defining
we see that (a) and (b) are satisfied. On ∂D
So (c) is satisfied too. This completes the proof.
Ë
We denote the spectrum, point spectrum and essential spectrum of a bounded operator T respectively by σ
(T ), σ p (T ) and σ e (T ).
If λ is not in σ e (T ), we use ind(T − λI) to denote the Fredholm index given by
Theorem 2.3. Let h(z) =z + ϕ(z) where ϕ is defined in Lemma 2.2. Then 0 is an eigenvalue of T h and is an isolated point of σ (T h ). Hence σ (T h ) is disconnected.
Proof. First we show that 0 is not in σ e (T h ). Since h is continuous on the closure of the unit disk, by Proposition 20 in [6] , we have that the essential spectrum
Note that h(∂D) is a closed curve. By Lemma 2.2, 0 is not on h(∂D) and hence not in the essential spectrum σ e (T h ).
Next we show that 0 is an eigenvalue of T h . To do so by Lemma 2.1, we have to solve the following equation
This is equivalent to the following first order differential equation
For a fixed 0 < r < 1, (b) in Lemma 2.2 gives that there is a rational function η(z) with poles outside the closure of the unit disk such that
A solution of (2.2) in the Bergman space L 2 a is given by
The last equality is given by Lemma 2.2. This gives that 0 is an eigenvalue of T h and the corresponding eigenvector is f (z) given by the formula above. Thus 0 is contained in a connected component
of σ (T h ) \ σ e (T h ).
By Theorem 24 in [8] ,
Lemma 2.2 gives that 0 is contained in
As showed above, 0 is also an eigenvalue of T h . Thus 0 is contained in the inter-
Last we show that Ω ∩ σ p (T h ) is countable. Since 1/z + ϕ(z) has a simple pole at z = 0 and no other poles in the unit disk D, the argument principle tells us that if λ is in Ω ∩ σ p (T h ), there is a unique point z λ in D such that
As λ is an eigenvalue of T h , there is a nonzero function g in the Bergman space
As showed above, using Lemma 2.1 we solve the above equation to obtain
This function has a simple pole at z = z λ with residue
The regularity of g(z) at z = z λ forces this residue to be in N = {0, 1, 2, 3, . . . , } which leads to 
, for some n ∈ N to be a countable set. By Proposition 1.27 in [7] , 0 is an isolated point in σ (T ). Hence we conclude that the spectrum σ (T h ) is disconnected. This completes the proof.
ESSENTIAL SPECTRUM
To construct an example of a Toeplitz operator with bounded harmonic symbol that has a disconnected essential spectrum, we need some notation. For z ∈ D, let ϕ z be the analytic map of D onto D defined by (3.1)
A simple computation shows that ϕ z • ϕ z is the identity function on D.
a be the unitary operator defined by
Notice that U * Suppose m ∈ M and z α z is a mapping of D into some topological space E. Suppose also that β ∈ E. The notation The Gelfand transform allows us to think of H ∞ as contained in C(M), the algebra of continuous complex-valued functions on M. By the Stone-Weierstrass theorem, the set of finite sums of functions of the form fḡ, with f , g ∈ H ∞ , is dense in C(M), where C(M) is endowed with the usual supremum norm. Because D is dense in M, this supremum norm is the same as the usual supremum norm over D. Thus we can identify C(M) with U, the closure in L ∞ (D, dA) of finite sums of functions of the form fḡ, with f , g ∈ H ∞ . Thus given a function u ∈ U, which we normally think of as a function on D, we can uniquely extend u to a continuous complex-valued function on M; this extension to M is also denoted by u. So for u ∈ U and m ∈ M, the expression u(m) makes sense-it is the complex number defined by for w ∈ D; here we are taking a limit in M. The existence of this limit, as well as many other deep properties of ϕ m , was proved by Hoffman [5] .
The Toeplitz algebra T is the
The Toeplitz algebra is studied in [1] , [2] and [6] .
The following lemma was Lemma 2.25 in [1] .
Lemma 3.1. If S ∈ T , the Toeplitz algebra and m ∈ M, then there exists
Using a similar argument as the one in the proof of Theorem 10.3 in [9] , we have the following theorem.
Theorem 3.2. If S ∈ T , the Toeplitz algebra, then
To a sequence {z n } n in D with
A sequence {z n } n and its associated Blaschke product are called thin if is disconnected.
